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Q ' Abstract 

I In the loop representation the quantum constraints of gravity can be solved. 

This fact allowed significant progress in the understanding of the space of states 
Q^. of the theory. The analysis of the constraints over loop dependent wavefunctions 

^ I has been traditionally based upon geometric (in contrast to analytic) properties 

of the loops. The reason for this preferred way is twofold: for one hand the 
inherent difficulties associated with the analytic loop calculus, and on the other 
^ , our limited knowledge about the analytic properties of knots invariants. Ex- 

^ ' tended loops provide a way to overcome the difficulties at both levels. For one 

hand, a systematic method to construct analytic expressions of diffeomorphism 
invariants (the extended knots) in terms of the Chern-Simons propagators can 
be developed. Extended knots are simply related to ordinary knots (at least 
formally). The analytic expressions of knot invariants could be produced then 
in a generic way. On the other hand, the evaluation of the Hamiltonian over 
extended loop wavefunctions can be thoroughly accomplished in the extended 
loop framework. These two ingredients promote extended loops as a potential 
resort for answering important questions about quantum gravity. 

1 Introduction 

Knot theory and quantum gravity have a profound relationship that is put 
into manifest within the framework of the Ashtekar new variable reformulation 
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of general relativity Q. The facts that i) a loop representation of the Lie- 
algebra valued Ashtekar connection can be introduced [Q]; ii) the quantum 
states of gravity are given in terms of knot invariants due to the diffeomorphism 
invariance of the theory; in ) there exist knot invariants that are solutions of the 
Wheeler-DeWitt equation |||, ^ ; clearly show the capability of knots to capture 
relevant information about the quantum properties of space-time. 

The relationship between knots and physics goes far beyond the interest of 
general relativity [^. In fact, the many ways that knot theory interacts with 
physics has motivated a renewed interest of physicists to adventure into the 
traditionally mathematician world of knots (the first goal was in the physics 
of the late 1800's with the theory of vortex atoms of Lord Kelvin). Part of 
the recent work was devoted to study in depth the significant relationship be- 
tween topological quantum field theories and knot polynomials ^, and 
in particular for the quantum gravity case the specific relation between some 
knot polynomials and the solutions of the Hamiltonian constraint in the loop 
representation 

In gravitation, until the appearance of the results of Briigmann, Gambini 
and Pullin ^ the calculations with loop dependent objects were mainly sup- 
ported on geometric (rather than analytic) basis. For example, the geometric 
properties of the smoothened loops (i.e. the absence of kinks and intersections) 
underlies the topological construct (weaves) that bridges the usual metric ten- 
sor with the discrete properties of spacetime at the Planck length |1C]. The 
solution obtained by Briigmann et al. was the first analytic (in the sense that 
it does not depend of any particular geometric property of the loops) and also 
the first to correspond to a nondegenerate state. Up today no others solutions 
of this type have been found. 

The loop calculus faces up to significant difficulties at the analytic level 
that, for quantum gravity, have two features. For one hand, the knowledge 
of the analytic properties of the "kinematical" space of states (the knots) is 
very limited. On the other, any explicit analytic evaluation of the Hamiltonian 
constraint over diffeomorphism invariant loop wavefunctions involves hard tech- 
nical and conceptual problems. The technical difficulties refer to both formal 
and regulated calculations. The conceptual ones concern the interpretation of a 
derivative operator over topological objects (see |11| for a discussion of this last 
point). This means that, in spite of the loop representation has had the virtue 
to unlock the canonical quantization program of gravity, the identification of 
the space of states of the theory in terms of functional of loops is at present far 
to be complete. 

Extended loops offer a new avenue to this problem. The extended loops 
were introduced as suitable generalizations of ordinary loops (the usual group 
of loops is embedded into a local infinite dimensional Lie group, the extended 
loop group |l^). In resemblance with ordinary loops, an extended loop repre- 
sentation of any Lie-algebra valued connection theory can be constructed. In 
particular, the extended loop representation of the Ashtekar connection was re- 
cently developed [13, 14 1. This representation contains (and it is simply related 
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to) the conventional loop representation of quantum gravity. As the extended 
loop group has a more rich mathematical structure than the usual group of 
loops, some benefits at the calculation and regularization levels are exhibited 
by the new representation. These advantages has been proved to be relevant 
in the study of the Wheeler-DeWitt equation [jl5|, 17|. 

The aim of this article is to develop a systematic method to obtain analytic 
expressions of diffeomorphism invariants (the extended knots). The general 
ideas of the method were advanced in . Now we are going to study with some 
detail the mechanism of operation of the diffeomorphism constraint in terms 
of extended loops, and we will establish an explicit procedure to get solutions. 
Extended knots reduce to ordinary knots by means of a simple prescription 
(at least at the formal level) . The application and potential significance of the 
method to the case of quantum gravity are discussed. 

The article is organized as follows: in Sect. 2 the properties of the extended 
loop wavefunctions are considered from a general point of view. In Sect. 3 
the rudiments of a method to construct analytic expressions of diffeomorphism 
invariants in terms of extended loops are introduced. The existence of a sys- 
tematic for the operation of the constraints in the extended loop framework 
was first advanced in [16|. In Sect. 4 this systematic is applied to build up 
families of extended knots invariants. We define a family as a set of diffeomor- 
phism invariants with a specific structure. In Sect. 5 we consider a particular 
family. The analytic expressions of the members of this family are derived and 
their identification with known knot invariants is performed. The Mandelstam 
identities of the members of the family are also analyzed. The implications 
of the results for quantum gravity are discussed in Sect. 7. This Section also 
includes the conclusions. An appendix with some useful results is added. 



2 Extended loop wavefunctions 

Ordinary loops can be codified by an infinite set of distributional fields, the 
multitangent fields. The multitangent fields are defined by the integration of 
an ordered sequence of distributions along a loop 7 in the following way 

- I dy-r_. . (f dyl^5{xr-yr)- ■ .5{xi- yi)Q^{o,yi,. . .,y,) (1) 

where the function orders the points of integration along the loop. The Greek 
indices represent paired vector and space indices (^j = aiXi). The holonomy or 
phase factor associated with a Lie-algebra valued connection can be written in 
terms of the multitangents in the form 

00 

Ha{i) = E • • • X^--^^{^) ^ X/^(7) (2) 

r=0 
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where fj, := . . . /i,. represents a set of indices of rank r(/x) = r and = 
Aai{xi) ■ ■ ■ Aa^{xr)- In (|2|) a generalized Einstein convention is assumed (re- 
peated bold Greek indices indicate a sum of the sets of indices from rank zero 
to infinity|^. According to (|2|), all the information about loops necessary for 
the construction of the loop representation is concentrated into the entire set of 
multitangent fields. As far as the loop representation is concerned, the infinite 
string of multivector fields can be considered then as totally equivalent to the 
loop itself: 

7 ^ Ml) ■■= {Xf'il) ; rip.) = 0, • • • , 00} (3) 

Extended loops are generalizations of the multitangent fields to include more 
general fields. They have the general form 

y.:=5r,X'' (4) 

where [X]/^ = 5^ = X^^ are now r(/x)-times "contravariant" generalized 
multitensors. 5^ acts as a diagonal (infinite dimensional) identity matrix^ and 
the "covariant" multivectors 5 11 can be viewed as a canonical basis for the 
extended loop vectors. 

Any (well behaved) application / : {X} — > C{1Z) from the extended loop 
space to complex (or real) numbers would define a suitable functional of ex- 
tended loops. In the extended loop representation the wavefunctions are linear 
functionals of the multivector density fields X^^'"^'': 



*(X) = ^^,...^,X^'i-^"- (5) 

The propagators ^/i^.../^^ would characterize completely the linear wavefunction 
and they could satisfy specific symmetry requirements. In the case of quantum 
gravity, the extended loop wavefunctions can be viewed as formally given by 
the transform of wavefunctions with support in the space of connections: 

V^(X) = J DAWx[A]^p[A] (6) 

where Wx[A] := rr[ifA(X)] = Tr[A^]Xt^ is the extended Wilson functional 
(an overcomplete basis for the extended loop transform)^. This means that the 
propagators of the wavefunctions associated with the quantum states of gravity 
can be formally written in the following way 

V'/.i.../.. := / DAij[A]Tr[A,,,„^^] (7) 

^We are using the convention A^^^-^,,,fj_^ = 1 (the identity matrix) and x^'^+i - '''' = 1. 

^The diagonal elements are given by the product of generalized delta functions: S^^ ■ ■ ■ Sj^^ , being 

■^Notice the close resemblance between the above formal definitions with those of the conventional 
loop representation. 
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This expression shows that the quantities 'i/'/ii.../ir would inherit a set of identities 
related to the traces of Lie-algebra matrices (Mandelstam's type identities). For 
the case of the SU{2) Ashtekar connection we have the following glue-property 
for the product of traces: 

Tr[A^,] TriAjy] = Tr[A^,u] + Tr[A^T,] (8) 

with 71 := (—1)"/!^-'^ and /x^^ := /u^.-./ii. Using the cyclicity of the trace 
and (^) it is straightforward to derive the following identities: 



= V'(/2), (9) 
V'M = ^Jl (10) 

We are going to see that the above set of symmetry properties reduce to the 
usual Mandelstam identities for loop wavefunctions when extended loops are 
particularized to ordinary loops. The specification to ordinary loops is made 
by substituting the general multivector fields by the multitangent fields: 

V^(X)^V'(7) = V'/.^''(7) (12) 

This prescription puts into correspondence any linear extended loop wavefunc- 
tion with a loop wavefunction (the converse is not true in general). The tran- 
scription to the case of the conventional loop representation is then accom- 
plished by using the following group properties: 



[X(7i) X X(72)f := Cx(7i)"X(72)^=X/^(7i72) (13) 
X/^(7) = X/^(7) (14) 

where x is the extended group product, 7172 is the group composition in the 
nonparametric loop space and 7 is the rerouted loop. Then we can write 

^^(7172) = ^/x^ii)3^X"(7i)x/3(72)=^(727i) (15) 
^^(7) = i^X^'{^)=^|J^,X^^{^)=i:{^) (16) 

^^(717273) = V'a/JTT ^"(71)^^(72)^^(73) 

= [V'/3a^ + i>(3car " V'a/3w]^"(7i)^^(72)^^(73) 

= -0(727173) + V'(727i73) - ■0(717273) (17) 

Equations (|l5|)-(|r^) are the usual Mandelstam identities for loop wavefunctions. 
As we have shown they can be viewed as particular cases of the symmetry 
identities (|)-(|ll|). 



5 



We review now the transformation properties of the extended loop wave- 
functions under diffeomorphisms^. Extended loops behave as multivector den- 
sities and the linear extended loop wavefunctions change under infinitesimal 
coordinate transformations x'" = x"" + ri"'{x) in the way 

^(X') =V'(X)+??«^C,,^(X) (18) 

where 



(19) 



This result can be derived from the generator of diffeomorphisms in the connec- 
tion space (via the extended loop transform) [14| or by using the explicit trans- 



formation properties of extended loops under infinitesimal coordinate transfor- 
mations 0. In (0), [X(^^)]^ := X^^^/^^'^ is the one-point-X (c indicates the 
average under cyclic permutation) and 

■■= ^abc [-C'""" + e'"'^^'^^] (20) 

gcx i/i jg ^i^g inverse of the two point propagator of the Chern-Simons theory, 

/""^ :=e''^'5fc5(x-yi) (21) 

and 

In the last expressions a mixed notation of Greek and paired indices were used. 



Let us consider now the specification of (18) to the case of ordinary loops. From 
^ and ( p^ ) we can write 



= i dyH{x - y)^^^e ^abiy) x^'iiD x^{^y) 

= (f dyH{x - y)^^ [Tab{x) x X(7p x X(7„^)]'^ (23) 

where 7^ is an open path form o to y. Introducing now the group identity 
1 = X(7^) X X(7^) and using the cyclicity of the set of indices /x we get 

CaMl) = £dy^<^(x-y)V'^[X(7,^)x^,,(y)xX(7^)xX(7o^)xX(7°)]'^ 
dy''6{x-y)l^ab{l'')^{l) (24) 
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The properties of extended objects under general coordinate transformations were first consid- 
ered by for multitangent fields and later by (12) for extended loops. 
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where 



Aatm X(7) := [X(7o^) X Tativ) x X(7^)] x X(7) (25) 

is the loop derivative in the non-parametric loop space [^]. The expression 
p^ ) gives the correct transformation law of loop wavefunctions under diffeo- 
morphisms. 



3 Extended knot invariants 

The previous discussion shows that the solutions of the equation 

Cacc V'(X) = (26) 

can be viewed as defining "extended knot invariants" (in the sense that the 
restriction of the domain of definition of the solution to ordinary loops will 
always gives a knot invariant). The analysis of this equation in the extended 
loop space reveals the existence of a specific mechanism linking the action of 
the operator with some definite structure of the propagators ip^. To see this 
we write ( [26| ) in the form 



V(X) = Y.eabci^^,...^A-9''=^' ^(fex/.2...M.).+gCXMlM2x(^-M3...M.)c] = (27) 
r=0 

The possibility to systematize the search of solutions of (27) is based on the 
following two punctuations: 

PI: The propagators V'/^i-.-Air expressed completely in terms of the two {g..) 
and three (/i...) point propagators of the Chern-Simons theory. 

P2: The propagators V'/ii.../ir exhibit a definite skeleton structure in terms of 
the basic "blocks" g and h. 

The architectonic profile of the skeleton is: 

SI: The propagators vanish for a certain (maximum) rank. That is to say, 
i^iii...tMr = for all r>N. 

S2: For r = N, V'/ii.../ijv is expressed entirely in terms of the two point Chern- 
Simons propagator. Specifically, they are cyclic combinations of products 
of 5's. 

S3: For the successive decreasing ranks the "free" g^s are progressively sub- 
stituted by "connected" /I's. The final expression is always cyclic in the 
covariant Greek indices. 

S4: The minimum rank n does not contain any free two point Chern-Simons 
propagator. 
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The above nomenclature of free-g and connected-/i refers to the analytic prop- 
erties of the Chern-Simons propagators. In fact, the three point propagator 
^MiM2M3 is nothing else than the "contraction" of three free two point g^^ai with 
the "vertex" e^i^^as. 

The free propagator can be written in the following way, 

_ cx 

The function cj) plays a prominent role in the extended loop formalism. It 
fixes a transverse prescription for the multivector fields through the following 
decomposition of the identity: 5^^ = Srj,^^^^ + 4>'^^ Then 

y/^i = 5/1^^ X"^ (30) 
is a transverse (divergence free) field. This property can be directly generalized 



to the case of multivector fields [12|. Notice that 



whereas 



with 



-"ah "'MiA'2M3 ~ tafec t^T ai*^ y ^20-29 Hia-j, V^^J 



^^cx^^^oi0203 ^ gCX0203 ^ (^cx _ (j,cx)ga2as (33) 

being the spatial part of the indices a^. Let us return to the skeleton 
rules S1-S4. They mirror the analytic properties of knot invariants known at 
present^. A point to stress is that no other propagators than the Chern-Simons 
are known to participate in the analytic properties of knots. In our case the 
rules S1-S4 provide the first ingredient for a systematization: the propagators 
'>Pfj.i...fj.r 3-^6 structured according a sequential arrangement of some basic blocks 
in the form 



V'(X) = g..g.. ■■■g.. X + h... ■ ■ ■ g.. X + • • • + h... ■ ■ ■ h... X (34) 



The second ingredient appears when ( p7| ) (and in particular (31) and (|32D) start 
to work. The following general observations can be outlined from the action of 
the diffeomorphism operator over wavefunctions of the type 



^The state given by the exponential of the self-linking number is an exception to SI. The 
breakdown of SI (i.e. the appearance of series) introduces convergence problems into the formalism. 
The consideration of this question is out of the scope of the present discussion. 



8 



01: The successive ranks of the wavefunction are hnked intimately. As a 
general rule, Cax acting on a generic rank r produces two types of contri- 
butions, one of rank r and other of rank r — 1. For r > n, the contribution 
of rank r — 1 is always canceled by terms that appear when the operator 
act on the rank r — 1 of the wavefunction. A chain of cancellations is then 
induced by the action of the diffeomorphism operator^. 

02: For n < r < N there exist in general remnant terms that do not en- 
ter into the chain of cancellations. The general form of these terms is 

Cabci^ x^^''^ '"^^ '"^^ and they have to vanish by means of symmetry con- 

siderationsQ 

03: The term of lower rank n is responsible of the closure of the chain in a 
consistent way. 

In what follows we are going to use the above punctuations as guidelines to 
establish a systematic method to construct extended knot invariants. 

4 Extended knot families 

We start by describing in general the properties of the final product we get: 
the extended knot families. They are given by sets {'i/'i}^ of linear extended 
loop wavefunctions with the same maximum and minimum ranks that satisfy 
the following conditions: 

Fl: Cax ipi = for all i. 

F2: ipi(X.) = ip'^^X^'', with ip^^ a cyclic propagator that fulfill the skeleton 
rules S1-S4. 

F3: V'^Mi-.-Atn is the same for all members of the family. 

4.1 The maximum (even) rank 

For r = N the propagators ^-^...^f^ are written as cyclic combinations of 
products of 5f's. For = 6 we have for example the following possibilities: 



Ml- 


••M6 




(35) 


Ail. 


• •Me 


— 9fiifj.29fj,3tJ.4,9tJ.5fj.6 ~^ 9^ll^le.9^l2^l^.9^l4,^l5 


(36) 




••M6 


— 5'/tiM25'/i3At6S'At4M5 ~^ 9fiitJ.i9n2tJ-39tJ.5tJ.6 ~^ 9 i-Li^ie,9 ^l2^l59 


(37) 




••M6 


— 5/JiAt35/i2M55'Ai4M6 + 9fiiiJ.4,9fi2iJ-69tJ.3tJ-5 ~^ 9 ^ll^l59 ^l2^l4,9 ^l3^l(i 


(38) 




••M6 


— fi'MlM25'/i3/i55'/i4M6 + ff/ilAta (5'a'2M65'M4M5 "1" 5/^2 M4 S'ms M6 ) ~^ 





9^J.l^J,fi9^J.2^J.4,9^l■i^lB 9^J.l^lB\9|l2|J■39^li^J■e "l~ 5/^2 Me 5/^3 M4 

) (39) 

^Exactly the same chain of cancellations takes place in the case of the Hamiltonian. This is a 
characteristic of the extended loop representation, see [|l6j. 

^For extended knots this contribution involves in general a symmetric expression in the indices 
bx and ex. 
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We need some suitable notation in order to reflect appropriately the action of 
the operator Cax- Putting 

[k] 

we found 

C I .J— f , ^^^^ v{bxti2---m)c 

'-ax^Ft \r=N— tafec"T /ij. "-^ M2---M*;-iMfe+i ■■■Miv^ 

[k] 

a r Oj, 1 (7* v-{bxH3...fiN)c (Al) 

' / . yuk- laxUbx] Hi At3---Atfe-i/^fc+i---/^;-iMi+l---/^iV^ \^^) 

{k,l] 

Using the fact that 5'y = 5 — (j) and integrating by parts the longitudinal pro- 
jector contribution we obtain 

^-axH^t \r=N— / ,'^abc'-^ ^2---Mfc-iMfc4-l---MJV^ 
[fe] 

/icx _ fkcx \r<i v{bxiJ,2...fJ.k-i^ik+i---^iN)c 
Z^'^abcW Xk^l ^Xk+i^^ /i2---/ifc-iAtfe+i...MiV ^ 

[k] 

+ "V(7 r O;, 1 (7* v-{bx/i3-m)c (AO) 

[k,i] 



where we have used the differential constraint [12| of the multivector fields. We 
get three contributions, the first of rank N and the others of rank — 1. It is 
easy to see that a sufficient condition for the contribution of rank to vanish 
is the cyclicity of V'Mi.../ijvB- 

4.2 The rank N -I 

The next rank is formed by substituting two g^s for one For — 1 = 5 one 
finds two cyclic combinations of this type 



C fii...fi5 — 9(^l^l2^^l■i^lA^l5)c (^3) 
Now we have to distinguish when belongs to a (7 or to an h. Writing 



thank C. Di Bartolo to point me out this fact. 
^There is not a unique way to make this passage guided only by S3. For example for = 10 we 
have two possibilities: /i/ji/i2A'33M4M55/«/t7ffM8A'9 or h^^^^^_,^h^^i_,^^i_,^h^^f_,^^^. In order to simplify the 
discussion we shall limit to consider only the first case. 
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"0 /xi.../ijv_i — dtiiiik^ 



fl2■■■^J■k-l^^k+l■■■|J■N-l 

[k] 



we get 



f 7/,. I -,— ff« vibx^^2■■■^J.k-lCXfJ.^+l...flN-l)c 

'-ax'Fi \r=N-l— /^tabc-^ /J2---A'fc-i/ifc+i.--A'jv-l"^ 

[k] 

E /-ri TiA(bx/X3...MJv)c 
yiM^-lax y bx\ 111 ^J.3...flk-l^J.k+l■■■^J■l-l^J■l+l■■■^J■N^ 

[k,i] 

+ terms of rank - 2 (46) 

The comparison of (^) and ( |4^ ) permits to conclude tliat: 1) tlie terms of the 
type described in 02 appear whenever the fii index hes in a free-^f. 2) The 
presence of the h in the rank — 1 of the wavefunction is responsible for the 
generation of terms with exactly the form needed to cancel all the contribution 
of rank iV — 1 in (^2|). In other worlds, the connected-/i starts the chain of 
cancellations associated with the diffeomorphism operator. 

As in the case of rank N, the cyclicity of ipfj.i...fj.j^_-^ assures the annulment 
of the first sum in (^). Then, if the wavefunction's propagators of ranks 
and N — 1 are suitables to produce the cancellation of the remaining sums in 



(42) and ( p6|) between themselves we can write 



Cax {V'j \r=N |r=Af-l} = terms of rank N — 2 (47) 

Due to the higher content of connected propagators as well as the multiplication 
of possibilities to go from one rank to the following, the analysis becomes more 
intricate as one advances along the chain. The main noticed characteristics are 
however preserved, so one can write in general 



Cax {tpi \r=N +ipi |r=Ar-l H \- ipi \r=m} = terms of rank m - 1 (48) 

4.3 The minimum rank 

What happens in (|^) when one gets the minimum rank? The only possibility 
is that the contribution of rank n — 1 vanishes identically. This condition has 
a definite meaning that we clarify with a simple example. The minimum rank 
is composed only by connected propagators. The most simple case is a single 
h. One finds for this case 
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C ax h 111^21^3-^^^^^^^ { 9 fii [ax 9bx] fj.2 ~^ ^abc{4' xi 0X2)5/^1/^2}^ ^'i/^a 

+2{ha,bx^.^ - eabcrf<pfg^.rdz}X^'-'^^^^ (49) 

where an integration in the spatial variable z is assumed. Notice that we can 
not use here symmetry arguments of the type 02. The only general way to 
annul the contribution of rank 2 in ( ^9[) is by demanding 

{haxbxfii - eabc(l)f(l)fgti^ dz} = (50) 

But this is a formal identity for the propagators! Indeed, from ( p8[ ) it is straight- 
forward to see that the second term of the l.h.s. is a formal equivalent way to 
write the three point propagator with two spatial indices fixed at x. The an- 
nulment of the contribution of rank n — 1 for m = n in (^8|) appears then as a 
consistency condition for the closure of the chain. 



4.4 The method 

We have seen that the existence of a systematic procedure to obtain diffeo- 
morphism invariants is suggested by the characteristics of the extended loop 
calculus. Also that the complexity of the analysis grows significantly at higher 
ranks. A practical way to proceed is the following: 

a) Select a cyclic expression of Chern-Simons propagators that not contain 
any free g. Verify the consistence condition 03 according the analysis of the 
preceding subsection. We get then a candidate for the minimum rank n. 

h) Find the expressions of rank n+1 that make Caxitpi \r=n+i \r=n} = 

terms of rank n + Verify that the terms of the form Cabc'ip X^''^ ••• vanish 

by symmetry considerations. 

c) Repeat the procedure until all the connected parts are substituted by free-g^s. 
By this procedure the extended knot families are generated. 



5 The family {i/j^jl 



We apply now the method to construct a family with maximum rank 6 and 
minimum rank 4. For n = 4 

is a suitable expression that not contains free-ff'sF^ We get for this case (see 

ITf 



Another more connected possibility is: hp^aia29°'^^^ 9°'^^^hp^fj^p2h^^a3aig°'^^^g°'^^^hfj.^p^ 
cyclic permutations. 
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with 

7- r\i n'^f^h J- h h n^P 

-^axbx fj.ifi2 ■ — ■^il'axbxay "'fiifj.2l3 ' "'fi2Qlax'''bx] ^i/3y 

-2eabc(t>Ti<t>f - K)hdz,.,^2 - 2eabc4>T4>Pi<t>? + <t>7j9^.,dzg^2ey (53) 

In reference it was demonstrated that formally Taxbx 11x^2 = Oi so the 
consistency condition is fulfilled. For the rank n + 1 = 5 the propagators 
have the general form g(^..h...^^. According the results listed in the Appendix 
it is easy to see that the combinations C^i...^5^^'-^' - C^i...^4^'''-''* and 
C^i.../i5-'^^'"'^^ + C'mi-M4^^^"'^'' satisfy the requirement b). The next rank 
would involve expressions of the form g(^..g..g..)^ and the procedure is completed. 
By using again the results of the Appendix one finds: 



-C,,...,,X'^--'^^ (55) 
V'S = [2Ci^...^6+C^,..;.e]^''^-^«+C^,..^,^'^^-^^+C^i...M4^'^"-'^^ (56) 

-C^,...^,X'''-''^ (57) 

No other analytic expressions of the general form if; = g..g..g..X +g..h...X + 
h..^g**h^..X"" invariant under diffeomorphisms apart form that listed above 
would exist. Two immediate questions arise: 1) to which knot invariants would 
correspond the different members of the family {'4'i}% and 2) which among 
them would satisfy the Mandelstam identities? 

To answer the first question we need to introduce another player into scene: 
the *-product of diffeomorphism invariants [ p^ p7[ . The ^-product allows to 
put into correspondence linear invariant expressions with the usual product of 
diffeomorphism invariants. For example, the *-square of the Gauss invariant 

'■= 9iJ.iH2-^^^^^ is defined in the following way0 



— 9fJ-lfJ-29fJ-il^4i-X'^^'^^^^'^'^ _|_ J^/^lM3/i2A'4 _j_ /ilA'3/'4M2 
_j_J^/i3MlM2/i4 _j_ J^^^3^J'1^J■4^J.2 _j_ J^/i3M4/ilM2-J 

= 2(5/JlAt25'A13/i4 + 5'AllM35'At2A'4 + 5/^1/^45/^2^3 )^'^^^^'^^'^* (5^) 



^^The underline of an ordered subset . . . fj,k^J,k+i ■ . ■ oi k indices indicates in general the linear 
combination of multivectors obtained by permuting the indices in all possible ways but preserving 
the relative order of the subsets ni . . . and ^k+i ■ • ■ Mr among themselves. 
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For those extended loops that satisfy the algebraic constraint X ^^^^ ^^^'^ = 
X^^^^^Xf^^^^^, ( p8| ) reduces to the usual product of Gauss invariants (this is 
a general property of the *-composition law). In general, the *-product of two 
diffeomorphism invariants is a diffeomorphism invariant [20|. From equations 
(54)-(|57|) the following relationships (constraints) between the members of the 
family are found: 



V'l + V'2 = V'3 + -04 = ^,{*VGf (59) 
'4'2+tp3 = VG* h (60) 

where Js := 5mi/.35/.2M4^^'^'^'''' + Kit^2t^-A^^^^^'"^ is the analytic part of the 
second coefficient of the Alexander- Conway knot polynomial (that coincides 
with the second coefficient of certain expansion of the Jones polynomial). We 
conclude that of the four members of the family, only one would represent a 
new diffeomorphism invariant. Taking this single invariant as -i/'a = J3, we get 
from (|5|)-(|^ 



V^i = ^{*Vg)^ - ^G* J2 + (61) 

^2 = ^G* h- J3 (62) 

= J3 (63) 

= U*VGf-J3 (64) 



ifG and J2 belong to lower rank families ||T 



ml = Wg} (65) 

ml = {J2, U*V>G?-J2} (66) 

Using the above results the family {V'i}! can be written in the form 

{V'0! = {K3, ii*^Gf-K3, J3, U*^Gf-J3} (67) 

with 



K3 := J3-J2*^G + U* ^G? (68) 

K2 is related to the third coefficient of certain expansion of the Kauffman 
bracket knot polynomial in terms of the cosmological constantf^, and J3 cor- 
responds to the analytic part of the third coefficient of a similar expansion of 
the Jones polynomial [p^]. The identification of the members of the family is 
then accomplished. Notice that the family is composed in essence by those 
invariants involved (at third order) in the relationship 

^^If K\ Kn^" represents this expansion, it is found that = — fcY- 
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(69) 



between the Kauffman bracket and Jones knot polynomials in the variable 
g = (A is the cosmological constant and in (|6^) the vertical framing is 
assumed) . 



5.1 The Mandelstam identities 

As it is known, the Kauffman bracket is formally given by the expectation value 
of a Wilson loop in Chern-Simons theory |Q: 

Ka =< W{j) >A (70) 

This basic relation provides a natural explanation of the fact that the knot 
invariants involved in the expansion of the Kauffman bracket in terms of the 
cosmological constant satisfy the Mandelstam identities in general. Under the 
light of (|70D, this property is inherited directly from the Wilson loops. In gen- 
eral, the verification of the Mandelstam identities for diffeomorphism invariant 
expressions of the general form ( p^ ) is quite nontrivial. In the context of quan- 
tum general relativity, the Mandelstam identities are basic requisites for the 
wavefunctions in the loop representation. 

The Mandelstam identities for the members of a family can be checked sys- 
tematically by means of equations (p|)-(|lT|). However, in the case of the family 
{ip}^ an immediate analysis follows from the result (^). In first place, all the 
members of a family are cyclic by construction. For the first two families {V'}! 
and {V'ls) it is straightforward to see that the invariants J2 and ifc satisfy the 
requirements (|lO| ) and (pT|). The *-product of an arbitrary number of Gauss 
invariants can be written in the following way: (*(/?g)"' = ^g— -^^^ '^ ^ where 
£'[•••] is the average over the totally symmetric permutation of indices. This 
means that (* (pc)"" automatically satisfies the symmetry identities ( p^ and 
(|Tl] ) for any n. On the other side, we know that = + |(*(/?g)^ with 

the third coefficient of the expansion of the Kauffman bracket in the 
cosmological constant. From the general result ( [70| ) we conclude that the ana- 
lytic expression would satisfy all the Mandelstam identities by construction. 
With respect to J3, the result ( ]68| ) shows that the behaviour of this invariant 
with respect to the second and third Mandelstam identities. 



(^3)71 



CXTV 



an ' 



(71) 
(72) 



essentially depends of the properties of the product J2 * ipc with respect to 
the same symmetry requirements. In general, the overline symmetry (^) is 
preserved under the *-product but the identity (72) is not. This means that J3 
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would inherit the property (|7l|) but not (|7^)P^. The above discussion permits 
to conclude that: 

1. All the wavefunctions tpi, ■ ■ ■ jip^ given by expressions (^)-(|57|) are invari- 
ant under the overline operation ([7l|). 

2. Only tpi and Tp2 are invariant under the property ([7^). 

It is important to remark that for more complicated cases (i.e. for higher 
ranks families) the analysis of the Mandelstam identities could be worked in a 
systematic way. 

6 Conclusions and comments 

A systematic procedure to build up structured sets of diffeomorphism invariants 
has been developed. The method is based on the properties of the extended 
loop calculus. 

A first point to remark is that the procedure of construction is generic 
in the sense that it does not respond to any single topological quantum field 
theory. In this respect, observe that the Chern-Simons propagators can be 
considered merely a support for the extended loop calculus and that a more 
basic mechanism (involving more general objects) could underlie the analysis. 
Indeed, it could be possible that a similar situation would occur with other 
building blocks (if exist) for the wavefunction's propagators. 

The fact that there is not a unique topological quantum field theory of the 
Chern-Simons type underlying the procedure of construction has the follow- 
ing important consequence: the extended knot families would contain all the 
diffeomorphism invariant expressions characterized by the Chern-Simons prop- 
agators. This fact opens new possibilities to explore the analytic properties 
of knots. For the quantum gravity case we have the additional benefit to dis- 
pose of a systematic control of the Mandelstam symmetry requirements. The 
possibility of a systematic analysis of the Mandelstam's identities for diffeomor- 
phism invariants is of relevance for the study of the Wheeler-DeWitt equation. 
Of particular interest is the possibility to generate at higher rank families in- 
variants with the same analytic properties that the second coefficient J2. The 
J2 invariant is the only known (nontrivial) analytic expression that fulfills all 
the Mandelstam symmetry requirements and that is annihilated by the vacuum 
Hamiltonian constraint (the Briigmann-Gambini-Pullin solution). Also, it is a 
true diffeomorphism (ambient isotopic ) invariant not affected by framing am- 
biguities. In the context of the extended knot families, J2 is the first analytic 
expression that appears after the most elementary Gauss invariant. 

A more basic question is the problem to relate the individual solutions of 
the Hamiltonian constraint with some knot polynomial. As we have mention, 

^•^For ordinary loops J3 recovers the property (^2|) for some privileged topologies of the loop at 
the intersecting points. See for a more detailed discussion. 
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J2 is related to both Alexander-Conway and Jones polynomials. The possibility 
that the expansion Jqij) in the variable q = could be the general solution 
of the Wheeler-DeWitt equation without cosmological constant was suggested 
by Briigmann, Gambini and Pullin [23|. Their conjecture was mainly based 
on the formal relationship ( |69|) existing between the Jones and the Kauffman 
bracket expansions. The analysis of this conjecture to third order in the cos- 
mological constant has shown that the third coefficient of the Jones polynomial 
is not annihilated by the vacuum Hamiltonian constraint in the general case 
|15]. On the other hand, the Alexander-Conway knot polynomial is associated 
with the expectation value of a Wilson type functional of a BF theory [p^ ]. 
One can see that the topological quantity < 1^(7) >bf would satisfy a dif- 
ferent sort of Mandelstam identities that the usual Wilson loop expectation 
value. For this reason, the knot invariants included in the perturbative ex- 
pansion of < 1^(7) >BF could not be considered in principle good candidates 
for quantum states of gravity. The above punctuations stress again the role of 
the J2 invariant. Is this peculiar invariant a "strange" (unique) case or there 
exist "partners" that share its same properties? The problem of the existence 
of a knot polynomial associated with the space of states of quantum gravity 
remains open. It is possible that a systematic study of extended knot families 
could bring new insights to this question. 
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Appendix 

In this appendix we shall include a list of useful results. We have: 



Cax C fj,i...fj,^X^^ — {9fi4lax9bx] 11^9111(12 ~^ 9fi4,lax9bx] fii9fi2ti3 
+9^i2lax9bx]^ii9li3ti4 + ^abc{4>Ti ~ ^11)9111114 9112113 + ^abc{4>Ti ~ ^'Z + <Ax3 

v X4,)y/iifi.2yfi3fj-4,s^ ' \'^yfii[ax"'bx] fi2fi3 

+eabci(^Z - '/'x!)ViM2M3 + 2eabc<Af (<^^^ - cl^il)9,idz9^.2,^3}X^'''^"''^''^^ (73) 



^ax ^ fil...^S i 9fii[ax9bx] ^139)12114, 9 ^2[ax9bx] ii39 fiifiA 

-9ii2lax9bx]fii9liiti3 + ^abc{9x2 ~ X3) 9 111/14 9 112/13 + ^abcWxi + 9x2 ~ 9x3 

9 x4>9/^ifJ-3 9f^2/J.4S^ X'^y /ii[ax"'bx] /12/13 

+eabc{<t^% - rxi)h/ii>i2,^3 + 'i^abc4>T{<t>'il - ^il)9/ii d.9/.2,^3}X^'"'^'^'^'^' (74) 
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+eabM73-&,.i.39^2,.}X^'^''''''''''^^ (75) 



C ij,i...ij,eX^^ — {9fM4,[ax9bx] tii9i^2lJ'3 

+eabMZ - &,.,.9,3,M^''''''''''^^ (76) 



^axC fxi...iX6-X^^ {9fj,2lax9bx]iJ,i9iJi3IJ-4 9fj,4[ax9bx]iJ,39iJ-iiJ,2 

+Ca6c(<?^X3 ~ ^ X2)9lJ-llJ-2 9lJ-3IJ-4 

+^abcicl>T,-cf>Z)9^..^.49^.2^.3}X^''''''''''''^' (77) 



CaxC — {gn^[ax9bx] ^^39^l2^J.4 ~^ 9i^3[ax9bx]iX2 9^iilJ.4 

'^9^2lo,x9bx] ^49t^it^3 ~^ ^abc{4' X3 X2 

+eabc{cl>Z - + <t>Z - ^f3)9>^^^^^9^.2>.4}X^'''''''''''^^ (78) 



CaxC ij,i...ij,qX^^ — {9fj.i[ax9bx] ^J,49fJ.2tJ■3 ~^ 9 i^ii[ax9bx] f^29fJ.3lJ-4 
'^9n3[ax9bx] iJ,i9tJ.2fi4 9iX3[ax9hx\pL49tJ.iH2 "I" 5/14 [ axfi'iz ] /ig^MlMS 
+eabc{^'Z ^^4 ~ (t^xT>i9lJ-llJ-29lJ-3l^4 + 5w/"45/i2M3) 

+eabcicl>Z - cl>Z)9,^,39,2,4}X^''''"'''"''^' (79) 
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